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Modelling of the toughening mechanisms
in rubber-modified epoxy polymers

Part Il A quantitative description of the microstructure—fracture
property relationships

Y. HUANG, A. J. KINLOCH
Department of Mechanical Engineering, Imperial College of Science, Technology and Medicine,
Exhibition Road, London SW7 2BX, UK

A mathematical model has been developed to quantify the relationships between the
microstructure and fracture properties of multiphase rubber-toughened epoxy polymers. Good
agreement between predictions from the model and experimental results have been found. The
model also reveals that localized plastic shear banding in the epoxy matrix, running between the
rubbery particles, is the dominating mechanism under all testing conditions. Plastic void growth in
the epoxy matrix is the other main toughening mechanism. This latter mechanism is initiated by
internal cavitation of the rubbery particle, or by debonding at the particle—matrix interface, and is

particularly significant at higher test temperatures.

1. Introduction

An understanding of the relationships between the
microstructure and fracture properties of crosslinked
epoxy polymers toughened by the incorporation of
a dispersed rubbery phase is of crucial importance if
improved multiphase materials are to be developed.
However, our appreciation of such relationships re-
mains largely empirical and it is, therefore, highly
desirable to develop mathematical models to enable
the fracture properties to be predicted from the micro-
structural parameters and the basic mechanical
properties of the materials forming the phases in the
toughened thermosetting polymer.

Several models have been advanced in recent years.
Kunz-Douglass et al. [1] developed a model which is
based upon the energy dissipation during the stretch-
ing and bridging of the crack surfaces by rubber par-
ticles, ie. termed the rubber-bridging mechanism.
However, it is now generally accepted that rubber-
bridging only plays a secondary role in the toughening
of epoxy polymers. For example, this model failed to
explain the phenomenon of stress whitening observed
in most relatively tough rubber-modified epoxies.

Evans et al. [2] proposed a synergistic model which
takes all the possible mechanisms, including rubber-
bridging, void growth and shear banding, into consid-
eration. However, the validity of this model has not
yet been established due to the lack of experimental
data. Moreover, the proposed synergistic relationship
between the rubber bridging mechanism and the other
two mechanisms was based on the assumption that
the increase in the fracture energy, AG,., scaled with
the size of the process zone, r,, ie.

AG, = Br, (1)
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where B is a constant. Although this relationship
appears to be appropriate for the transformation
toughening of ceramics [2], there has been no con-
firmation that it is valid for rubber-toughened poly-
mers. Indeed, Yee [37] bas cast doubts on the existence
of synergism in the toughening mechanisms observed
in rubber-toughened plastics. In a more recent model,
Kinloch [4] calculated the increase in fracture tough-
ness due to localized shear yielding inside the plastic
zone. However, the contribution of plastic void
growth of the epoxy matrix was not directly con-
sidered and the rubber bridging mechanism was not
taken into account.

Obviously, a satisfactory model requires that the
various energy-dissipating mechanisms are clearly
identified and that their respective contributions to
the increase in the fracture energy are quantified. Re-
cent studies [1, 4-8] have provided a detailed descrip- -
tion of the toughening mechanisms involved in the
fracture of rubber-modified epoxy polymers. They in-
clude: (i) localized shear yielding, or shear banding, in
the epoxy matrix which occurs between the rubbery
particles [ 5, 6], (ii) plastic void, or hole, growth in the
epoxy matrix which is initiated by cavitation or de-
bonding of the rubbery particles [7, 8] and (iii) the
rubber-bridging mechanism [1]. These mechanisms
are schematically demonstrated in Fig. 1. The above
studies form the necessary foundation for the develop-
ment of a quantitative mathematical model.

2. The model

2.1. Introduction

The fracture energy of a rubber-toughened polymer

may be expressed [4] by
Glc = Glcu + lP (2)
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Figure 1 A schematic representation of the different toughening
mechanisms involved in the fracture of multiphase rubber-
toughened epoxy polymers. The diameter of the plastic, or process,
zone is 2r,.

where Gy, represents the fracture energy of the
untoughened epoxy and W represents the overall
toughening contributions. Obviously, ¥ contains the
contributions from the three different toughening
mechanisms and can be separated into three terms

¥ = AG, + AG, + AG, 3)

where AG,, AG, and AG, represent the contributions
to the overall increase in the fracture energy, Gy, from
the localized shear banding, plastic void growth, and
rubber-bridging mechanisms respectively.

Now AG, may be evaluated via the model of Kunz-
Douglass et al. [1]. The other two terms, AG, and
AG,, are related to the size of the plastic zone and may
be calculated from the following equation:

ry

AG, or AG, = 2J U(r)dr 4

0

where r, is the radius of the plastic zone ahead of the
crack tip, r is the distance measured from the crack tip
and U(r) is the dissipated strain-energy density for the
respective toughening mechanism; U(r) has been de-
noted as U,(r) for the shear yielding mechanism and
U, (r) for the plastic void growth mechanism. Further
development of the model requires the evaluation of
the size of plastic zone and the dissipated (or loss)
strain-energy densities for the two toughening mech-
anisms.

2.2. Estimation of plastic zone size

From the concepts of linear elastic fracture mechanics
(LEFM), the radius of the plastic zone, or process
zone, is inversely proportional to the square of yield
stress, as may be observed [9] from the following
equation for the plane-strain case:

r, = (1/6m)(K,/c,)? &)

where K| is the stress intensity factor and o, is the
yield stress. Assuming the plastic zone radii for the
rubber-modified and the unmodified epoxies are r,
and ry, respectively, then, to a first approximation
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ry/ryu = (o-yu/cc)2 (6)

where oy, is the yield stress for the unmodified epoxy
and o, is the critical stress for the rubber-modified
material, as defined in Part I of the present paper [7].
The critical stress, o, is the stress at which yielding
starts in the matrix in the multiphase material and
may be related to the yield stress of the matrix by

cjyu/cyc = Kvm (7)

where K, is the maximum stress concentration factor
of the von Mises stress in the plastic matrix. The value
of K,,, may be calculated [7] from the finite-element
method and represents the reduction in the effective
yield stress. Combining the above two equations
leads to

Ty /Ty Ko (8)

Equation 8 therefore predicts that the plastic zone size
of a rubber-modified epoxy is increased by a factor
equal to K2, due to the stress concéntrations in the
epoxy matrix around the rubber particles or voids. In
the latter case, the voids are created by the internal
cavitation of the dispersed rubbery particles, or de-
bonding of the rubber particles from the matrix.

If there is no cavitation or debonding of the rubber
particles followed by further void growth, then K,,, is
the stress concentration factor caused only by the
presence of the rubbery particles, and the calculations
should be based upon the initial volume fraction,
Vi, of rubbery particles. If, however, cavitation or
debonding does occur and the voids continue to grow
via plastic deformation of the epoxy matrix, the result-
ant volume fraction of voids, ¥;,, will be higher than
V.. The stress concentration factor increases with the
volume fraction of rubber particles or voids, as re-
ported [7] previously. Obviously, therefore, the stress
concentrations in the epoxy matrix will be enhanced
by the void growth process, and under such cir-
cumstances Vg, should be used to calculate the value
of K, pn.

However, it is known that the yielding of glassy
polymers is usually dependent on the hydrostatic
stress component, and that the simple von Mises cri-
terion is not strictly satisfied [10]. Instead, the von
Mises criterion should be modified by

Tim = Ty — UmP (9)
where 1,,, is the von Mises shear stress, as defined in
Equation 10, 1, is the yield stress under pure shear, .,
is a material constant and p is the hydrostatic stress.
Thus

(6, — 02)* + (0, — 03)°

+ (03 - c1)2 = zo-\z'm = 6‘C3m (10)

and
p = (o, + o, + 03)
where o,,, is the von Mises tensile stress and the value

of i, has been reported [11] to be between 0.175 and
0.225, and was taken to be 0.2. From Equation 9, it is



obvious that the stress required for the material to
shear yield under tensile loading is reduced. Hence, the
relative size of the plastic zone will be increased. This
increase can be described by an increase in K, by
a factor of (1 + p,/3'/?), as derived in the Appendix.
Therefore, Equation 8 has been modified to give

ry = Kl + pa/3'2)ry, (11)

2.3. The contribution from the shear banding
mechanism

As discussed earlier, it is necessary to ascertain the

dissipated strain-energy density, U(r), for the plastic

shear banding mechanism to calculate the contribu-

tion to the increased toughness from this mechanism.

Now the value of U,(r) may be assessed from

Ustr) = Vem(r) Walr) (12)

where V¢, (7) is the volume fraction of the shear yielded
matrix material inside the localized plastic-shear zone
and W,(r) is the plastic strain-energy density of the
matrix material. Both parameters are assumed to be
functions of the radial distance, r, from the crack tip.
These two parameters are discussed separately below.

2.3.1. Volume fraction of the shear
yielded matrix material

The network of shear bands are schematically shown
in Fig. 1, which is sketched from previous microscopic
observations [4, 6]. Each rubbery particle has four
shear bands associated with it, and these bands run
between particles. A three-dimensional representation
is given in Fig. 2 to illustrate the geometric relation-
ships and, assuming a cubic array of particles, the
average interfacial particle-particle distance, D, as
defined in Fig. 2a, is given by

D, = [@n/3V;)'* — 2]r, (13)

where 7, is the radius of the rubbery particle or void
and V; equals Vi, or V;,, depending on whether there
has been any void growth. The number of particles or
voids per unit volume may be defined by

N, = 3V /4nr}) (14)

Next, assuming that the cross-sectional area of
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Figure 2 The three-dimensional geometric relationships. (a) The
basic element used to represent the packing of rubbery particles.
(b) The rubbery particles and a localized plastic shear band in the
epoxy matrix.

a shear band scales with that diametrical cross-sec-
tional of the particle or void, as in the case of rigid
particulate-filled epoxy polymers [12], the cross-sec-
tional area of a shear band, A(r), is simply given by

Alr) = aPnr] (15)

where a(r) is the scaling factor and is assumed to be
a function of r. The length of a shear band 2L, as
defined in Fig. 2b, can then be expressed by

2L, = 2r, + D, — 2[1 —a(]'?r, (16)

The volume of the shear bands per particle may then
be calculated as:

Vm = ns{A(r)Ls - %TE(LS - %Dp)z

x[3r, — (L — 1Dy)1} (17)

where n, is the number of shear bands per particle, and
is equal to four. Substituting Equations 13, 15 and 16
into Equation 17 leads to

Val) = (R/6)nr3 {34m/3V;) ()
+ 401 - 2] -4} (18)

The volume fraction of the shear yielded matrix ma-
terial is then given by

Vin) = Va()N, = 0.5V {3(4n/3V;) 3 ar)
+ 4[1 — a(n1¥* -4} (19)

Now, the scaling factor was suggested by Kinloch
[4] to be simply represented by

1 —r/ry (20)

The scaling factor, o, takes into account the strain field
in the process zone and 1 < a < 0. Close to the crack
tip the plastic strains will be relatively high and o — 1;
at the edges of the process zone, where the strains
approach the elastic limit o — 0. Thus, essentially, the
variation in the value of « allows for the degree of
shear yielding becoming more intense as the crack tip
is approached.

afr) =

2.3.2. The shear plastic strain-energy density
If the material is assumed to be perfectly elastic-plas-
tic, then the shear plastic strain-energy density may
then be defined by

Walr) = () @n

where 1, and v(r) are the shear yield stress and the
shear plastic strain of the matrix polymer.

Now for a material with the following macroscopic
stress versus strain law:

€ = g (va/cy )n (22)

where n is the work hardening exponent, the strain
fields near the crack tip were reported [13, 14] to be
given by

r—n/(n+ 1) (23)

gij ~

where g; are the components of the strain tensor.
When n — oo, which corresponds to an elastic-per-
fectly-plastic material, Equation 23 becomes

gij ~ V_l (24)
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The above equation states that for an elastic-per-
fectly-plastic material, the strain components scale
with the inverse of the distance, r, inside the plastic
zone. As a result, the following relationship may be
assumed:

y(r) = vrolr) (25)
where v, is the shear fracture strain of the matrix
epOoXy.

Thus the following expression for the shear plastic
energy density may be obtained [107:

Wa(r) = 050, v:0(r) (26)

where o, is the compressive yield stress of the matrix
material, and values of o, and y; may be determined
by using the plane-strain compression test [4, 9, 15].

2.3.3. Evaluation of the increase in the

fracture energy due to shear banding
By substituting Equations 19 and 26 into 12, the strain
energy density arising from the shear banding mech-
anism may be calculated as

Uyr) = 0.25Vi0,.v:0(r){3(4r/3V;) Palr)

+ 4[1 — a(]*? — 4}
= 0.25V;6,.7:f(r) 27)
where
) = o) {(3@r/3V) Pa(r) + 4[1 — a()]¥*— 4}

(28)

The increase in fracture energy due to the shear yield-
ing mechanism, AG,, may then be calculated by
substituting Equations 27 and 28 into Equation 4 to
obtain

AG, = 2JyUs(r)dr = 05Vio,.1cF(r,) (29)

0

where F(r,) may be expressed as

Fr,) = f:f(r)dr - L {3(?—2)”30)

+ 41 — a(r)]?¥? — 4} a(rydr (30)

From Equation 20, then
do = —dr/r, (31)

Substituting Equation 31 into 30 gives

1 4TC >1/3
r 3 — a?
yjo [ <3Vf

+ 4o(l — a)*? — 4oc] da

F(ry) =

r,[(@n/3Ve)' P — 54/35] (32)
Substituting Equations 11 and 32 into 29 leads to
AG, = 0.5(1 + p,/3)?[(@Anr/3V;)'3
— 54/351V: 0y YeTyu Kim (33)

Considering the parameters in the above equation,
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then the value of r,, may be calculated from the
fracture energy of the unmodified epoxy. V; is the
volume fraction of the initial rubbery particles, or
the voided particles, and may be obtained directly
from electron micrographs of the material, by using
image analysis techniques if required [ 7, 8]. The values
of o, and y; may be measured by using the plane-
strain compression test method [15] and K, may be
calculated by using finite-element analysis [7], as
described in Part I of the present studies.

2.4. The contribution from the plastic void
growth mechanism

The increase of volumetric strain, d6, of a void during

growth may be expressed as [2]

de = WKdv/Vv (34)
where V; and V are the volume fraction and the
average volume of the voids respectively. When a void
grows from a volume of V,, to ¥, the following rela-
tionship is valid if V; = Vi, at V=V, and V; = V}, at
V = V,, namely:

I/fv - I/fr
V=V

Now, the strain-energy density for a void to grow
from a volume of ¥, to ¥V, is given by

Vi
U,r) = f pde (36)

Vo

Ve = Ve + V= V) (33)

where p is the local hydrostatic stress, or the local
mean stress. The local hydrostatic stress may be
assessed by using a schematic model proposed by
Knott [16]

p = 6,05 + r/a) 37)

where r is the distance from the crack tip, o, is the
tensile yield stress of the material, and a is the crack
length. Assuming LEFM is valid

r € a (38)
Consequently, in the plastic zone
p =~ 050, (39)

Combining Equations 34 and 35 and then substituting
these, and Equation 39, into 36 and integrating, yields

V;’v— Vfr
VifVo — 1

x log (%)J (40)
0

Assuming that

U,(r) = 0.5%[1@ A (Vn _

VilVo = Vio/Vee (41)
then Equation 40 becomes
Uyr) = 050, (Ve — Vi) (42)

Substituting Equation 42 into 4 and then integrating
and substituting for r, from Equation 11, the contribu-
tion to the increase in fracture energy from the plastic
void growth mechanism is given by

AGv = (1 + um/31/2)2(1/fv - I/fr)cytryu1<3m
(43)



Again, V;, and ¥;, may be directly measured from
the appropriate electron micrographs and the value of
r,» may be calculated from the fracture toughness of
the unmodified epoxy. The value of K, may be deter-
mined by using the finite-element method [7]. Due to
the effect of hydrostatic stress on the yield behaviour
of glassy polymers, the tensile yield stress, o, is
related to the compressive yield stress, o,., by the
following equation (see the Appendix):

Oy = Gyc(31/2 - “m)/(31/2 + um) (44)
Thus Equation 43 may be rewritten as

AGV = (1 - (Hrzn)/:;)(va - Vfr)oycryuK\%m (45)

2.6. The contribution from the rubber-
bridging mechanism

An equation to assess the contribution of the rubber-

bridging mechanism has been proposed by Kunz-

Douglass et al. [1] to be of the form

AG, = 4L(T) Vs (46)

where V4, is the volume fraction of rubbery particles
and I',(T) is the tearing energy of the rubber particles.
The tearing energy, I',(T), at room temperature for the
dispersed rubbery phase used in the present studies
was estimated [17] to be about 460 4+ 50 Jm ™2, These
workers also undertook measurements at different test
temperatures and the results are shown in Fig. 3. In
the present study, the tearing energies at various tem-
peratures will be obtained by interpolating or extra-
polating the data shown in Fig. 3.

3. Application of the model
The value of ¥ may now be evaluated from Equations
3, 33, 45 and 46 to give

¥ o= 05(1 4 p /322 [(dr/3V)Y3 — 54/35]
X Vfcyc’YfryuK\%m + (1 - (ux%n)/:;)(va - Vfr)
X c;ycryu1<\%m + 4rt(T) I/fr (47)

The model may now be applied to a rubber-modi-
fied epoxy, which used 15 parts per hundred of resin
(p-h.r) of rubber (CTBN1300x 8 rubber from BF
Goodrich) and 5 p.h.r. piperidine as the hardener and
was cured at 160°C for 6 h. Details of this material
have been described in detail elsewhere [8, 18]. The
material properties needed to apply the model, such as
the yield stress and the fracture strain, have been
previously reported [18, 19] and are tabulated, to-

gether with the other parameters needed for the model,
for a room temperature test and a displacement rate of
2mmmin~! in Table I. Substituting these material
properties into Equations 2 and 47, allows the fracture
energy, Gy, for the rubber-modified epoxy polymer to
be predicted under these test conditions. The meas-
ured value of 5.9 kJm™? compares very favourably
with the predicted value of about 5 kJ m ™2, especially
when it is noted that there are no fitting terms in
Equations 2 and 47.

Further, the very good predictive capability of the
model is revealed when the effect of test temperature
and rate on the value of G, are considered. Fig. 4

0.8 T T v T T
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-120 -70 -20 30
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Figure 3 The tearing energy of the dispersed rubbery phase as
a function of the test temperature (data from [17]).
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Figure 4 Comparison between the theoretical predictions from the
(O) model and the (M) experimental results for the fracture energy,
G, as a function of test temperature and rate of a rubber-
toughened epoxy.

TABLE I Properties of the materials used in the model for test conditions of 23 °C and 2 mm min~'. The value of K,, from Part I [7] was
4.54. The temperature and rate dependence of the properties E, Oy, ¥t, Gio, I'.(T") and ¥, and V}, were experimentally measured [7, 8, 17, 19]

Material Modulus, E Gye Ve v Fracture Vie Vev Tp T,
(GPa) (MPa) energy (pm) (°C)
(kIm~?)
Epoxy matrix 32 116 0.71 0.35 0.46 - - — 87
Rubbery phase 0.002 - - 0.49 0.46 - - - —52
Rubber-toughened - - - - - 0.19 0.27 1.6 89

epoxy
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shows the measured values of G, for the rubber-
toughened epoxy in the form of a master curve, where
ar is the time-temperature shift factor [4, 19-21] and
tests were conducted over a range of test temper-
atures from — 60° to 40°C and displacement rates
from 0.2 to 20 mm min~!. Plane-strain compression
tests were undertaken over a similar range of test
conditions, to give E, o,. and v as a function of the
test conditions, and the surfaces of the fracture tests
were examined to ascertain values of V;,. Again the
agreement between the predicted values of Gy, and the
experimentally measured values is very good.

The above model also allows the contributions from
the different toughening mechanisms to be separated.
Table II shows the proportional contributions to the
total increase in the fracture energy from the three
toughening mechanisms. Obviously, localized shear
banding is the main toughening mechanism through-
out the test temperature range. It constitutes more
than 50% of the total dissipated energy, except when
the temperature is relatively high at about 40°C. At
that temperature, the dominant proportion of the en-
ergy dissipation comes from the plastic void growth
mechanism. In fact, the contribution of this mechan-
ism increases sharply with temperature, ie. from
about 0% at — 40°C to 50% at 40°C. An increase in
the test temperature causes a decrease in the yield
stress of the matrix material and the ability for voids
to grow in the matrix is subsequently enhanced. The
rubber-bridging mechanism only plays a minor role.
However, note that the contribution from the plastic
void growth may be completely suppressed at low test
temperatures. Under such conditions, the overall in-
crease in toughness is small and the rubber-bridging
mechanism makes a higher proportional contribution
to the overall toughness.

These data emphasize the importance of not only
attaining the required microstructure, which consists
of a dispersed rubbery phase in the thermosetting
matrix, but also the ability of the thermosetting matrix
to undergo plastic deformation. High test temper-
atures and low test rates, when the matrix can undergo
plastic yielding more readily, lead to higher values of
Gy.. However, other factors such as the chemical back-
bone structure and degree of crosslinking of the
matrix will obviously affect the ability of the matrix to
plastically deform [18, 22] and so affect the toughness
of the rubber-modified polymer.

4. Conclusions
A mathematical model has been developed to quantify
the relationships between the microstructure and the

fracture properties in rubber-toughened epoxy poly-
mers. Predictions from the model are in good agree-
ment with experimental results. For the multiphase
polymer currently studied the model also reveals that,
at room and low test temperatures, the localized shear
yielding which is initiated by the rubbery particles and
runs between particles is a major toughening mechan-
ism. The plastic void growth is another main tough-
ening mechanism at higher test temperatures, and
its contribution increases sharply with rising temper-
ature. The rubber bridging mechanism can also play
a role when the ability of the matrix to undergo plastic
deformation is suppressed.

Appendix
The yield behaviour of glassy polymers is typically
dependent upon the hydrostatic stress component, p.
Thus in the proposed model we need take this feature
into account.

Firstly, the stress concentrations around a rubbery
particle were calculated in Part I [7] by using a nu-
merical finite-element analysis methods for a two-
dimensional plane-strain model which was subjected
to uniaxial loading. Thus the equivalent or von Mises
stress is given by

Om = {0.5[(c; — 0;)* + (0, — o3)

+ (63 — 01)*]}>° ~ oy (Al)
and
p = (o, + 0, + 03)3x 0. /3% 0,,/3 (A2)
Now from Equation 10 we have
Ovm = 31, (A3)
hence
p o= tm/3? (Ad)

Substituting Equation A4 into Equation 9, leads to
Tem = Tl + pm/3'?) (A5)

The implication of Equation AS is that the effective
yield stress of a polymer is reduced by a factor of
(1 + pm/3%?) due to the dependence of the yield pro-
cess on the hydrostatic stress component. This factor
is therefore incorporated into Equation 11.

Secondly, the dependence of the yield process on the
hydrostatic stress also leads to the yield stress being
different in tension and compression. For uniaxial

tension:
cYyt/31/2 = TO - Mmcyt/3 (A6)

while for compression, assuming the uniaxial and

TABLE II The proportional contributions to the increase in the fracture energy of the rubber-modified epoxy due to the three toughening

mechanisms. G,, was measured at a displacement rate of 2 mmmin~*,

Temperature (°C) — 60 —40 - 20 0 23 40

G (kIm™?) 1.72 1.96 2.53 3.64 5.90 7.23
Gy, (kJ m~2) (model) 1.30 1.49 ' 2.05 272 4.79 8.25
AG, /Y 0.64 0.74 0.68 0.60 0.54 0.47
AG, /¥ 0.00 0.00 0.18 0.29 0.38 0.48
AG, /Y 0.36 026 0.14 0.11 0.08 0.05
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plane-strain compressive yield stresses to be very sim-
ilar in value

Gyc/31/2 = Tp + l’imoyc/3 (A7)

and combining Equations A6 and A7 leads to the
relationship

Oy = cyc(?’l/2 - U-m)/(31/2 + p’m) (44)
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